THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
MATH4240 Stochastic Processes, 2020-21 Term 2

Take-home Midterm Test
Time and Date: 10:00am March 19 to 10:00am March 20

Answer all questions in both Part I and Part II (Total points: 120). Give adequate expla-
nation and justification for all your computations and observations, and write your proofs in a
clear and rigorous way.

Part I (100 points). Computations.

1. (15 points) Let {X,}n>0 be a Markov chain with state space S = {a,b,c}, transition
matrix
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and the initial distribution 7 = (2, 1, 2). Compute the following

(e) P X2 :b,X5 :b,Xﬁ :b)

2. (15 points) Let { X, }n>0 be a Markov chain with state space S = {z,y, z, w} and transition

matrix
T Y z w
0 1 0
|0 04 06 0
o8 0 02 0

02 03 0 05

(a) Compute P(X5 =2, X¢ =2, X7 =2,Xg =2|X4 =vy).
(b) Compute E(f(X5)f(Xe)|X4 = w) for the function f with values 2,3,7 and 3 at x,y, z
and w respectively.

(c) For each i,j € S, find p;;, the probability that starting at ¢ the chain ever visits j in
finite time.



3. (10 points) Consider a Markov chain with state space S = {1,2,3} and the transition
matrix
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(a) For each i =1,2,3 and all Kk =1,2,---, compute the probabilities that starting at i,
the first visit to 3 occurs at time k.

(b) For each i = 1,2, 3, find the probability that starting at ¢, the chain never visits 3 at
any positive time.

4. (10 points) Consider the Markov chain with state space S = {1,2,---,10} and transition
matrix

1 2 3 45 6 7 8 9 10
= 0 3 0 0 0 0 0 0 07
0 2 00 00 2 00 0
1 00 0O00GO0OTO OO O
000010000 0
PZooo%%ooo%o
00 0O0O0T1O0O0O0 O
000 0O0O0OTZL o0 2 0
o0 3 £ 000 % 0 1
01 00 0O00O0O0 O
0o £ 00 £ 00 0 0 1]

(a) Draw the transition graph.

(b) State the decomposition of state space by finding all the irreducible closed sets of
recurrent states as well as the set of transient states.

(c) Write down the canonical form of transition matrix by reordering states.

5. (15 points) Given a branching process with the offspring distribution
Po = 0.5, P1 = 0.1, pP3 = 0.4.

(a) Determine the extinction probability p.
(b) Let Xy = 1. What is the probability that the population is extinct in the second
generation (X2 = 0), given that it did not die out in the first generation (X; > 0)?

(c) Still let Xy = 1. What is the probability that the population is extinct in the third
generation, given that it was not extinct in the second generation?



6. (15 points) Let X,,, n > 0, denote the capital of a gambler at the end of the nth play. His
strategy is as follows. If his capital is 4 dollars or more, then he bets 2 dollars which earn
him 4,3 or 0 dollars with respective probabilities 0.25, 0.30 and 0.45. If his capital is 1,2
or 3 dollars, then he plays more conservatively, bets 1 dollar, and this earns him either 2
or 0 dollars with respective probabilities 0.45 and 0.55. When his capital becomes 0, he
stops.

(a) Let Y,+1 be the net earnings at the (n 4 1)th play, that is,
Xn+1 = Xn + Yn+1-

Compute
P(Yy1 =kl X, =14), i=0,1,---;k=-2,—-1,0,1,---.
(b) Explain that {X,,},>0 is a Markov chain.
(c) Compute the transition probabilities for the chain.
(d) Classify the states, either recurrent or transient.

7. (20 points) Let {X,}n>0 be a Markov chain over S = {1,2,---,7} with the following
transition matrix

1 2 3 4 5 6 7
0.7 0 0 0 03 0 01
01 02 03 04 0 0 O
0 0 05 03 02 0 0

P=10 0 0 05 0 05 0
06 0 0 0 04 0 O
O 0 0 0 0 02 08
Lo 0o o0 1 0 0 04

Determine the limit lim P"(z,y) for any z,y € S.
n—oo

Part II (20 points) Theories and Applications.

8. (10 points) Let {X,}n>0 be a stochastic process taking values in a countable state space
S. Suppose there exists an integer K > 1 such that

P(Xn = Znp((] = iO; te aXn—l = in—l) = P(Xn = Zn|Xn—K = Z.n—K7 e >Xn—1 = Z.n—l)

for all iy € S with 0 < £ < n and for all n > K. In other words, given all the past, the
future depends only on the last K values. Such a process is called a K-dependent chain.
For K = 1, we have the ordinary Markov chains. Their theory can, however, be reduced
to that of the ordinary Markov chains by the following procedure.

For each n > 0, let
Yn - (Xann—i—l? e 7Xn+K71)-

Then {Y;,}n>0 is a stochastic process taking values in the countable set F' = SK = 8 x
.-+ x S. Explain that {Y},},>0 is an ordinary Markov chain.



9. (10 points) Let { X, } >0 be an irreducible Markov chain on the state space S = {1,--- , N}.
(a) Show that there exist 0 < C' < oo and 0 < p < 1 such that for any states 1, 7,
P Xy #73,m=0,--- ,n|Xo=1) <Cp", Vn.

(Hint: There exists a § > 0 such that for all 4, the probability of reaching j some
time in the first NV steps, starting at 4, is greater than 6. Why?)

(b) Show that (a) further implies E(7T}) < oo, where T} is the hitting time of j.

—THE END—



Solution.

1 (a).
Py (X1 =b,Xo=0,X3=0,X4 =0a,X5 =c)= P(a,b)P(b,b)P(b,b)P(b,a)P(a,c)
1 3 3 1 2
=-X-X-—-X=X-<=
3 4 4 4 3
_ L
32
(b).
P(Xi=a,Xo=¢,Xs=c¢,X4=0a,X5=0) = P(c,a)P(a,c)P(c,c)P(c,a)P(a,b)
8
= %-
(c). Note that
a b c
7 12
2 T a1
PP=li% 1 6|
6 2 47
25 15 75

Py(X1=b,X3=0a,X,=c,Xg =b) = P(a,b)P*(b,a)P(a, c)P*(c,b)

1

= 50"
(d).

P(X; =b,X9=0b,X3=a) = (n(a)P(a,b) + w(b)P(b,b) + 7(c)P(c,b))P(b,b)P(b,a)
17
= 250"
(e). Note
a b c

8 13 7L
400 240 150

320 64 40
1 9 67
250 50 125

P(Xy =b,X5 =b, Xg = b) = (n(a)P?(a,b) + w(b)P*(b,b) + 7(c)P?(c, b)) P3(b, b) P(b,b)
2373
= 20480



2 (a).

P(X5=2Xe=2,X7=2Xg=2|Xy =y) =Py, 2)P(2,2)P(x,2)P(2, 2)
12

= 155 = 0-096
(b).
E[f(X5)f(Xe)[Xa = w] = P(w, 2)P(x,2) f(2)f(2) + P(w,y)P(y,y) f(y) f(y) +
P(w,y)P(y, 2)f(y) f(2) + P(w, w)P(w, z) f(w) f(x) +
P(w, w)P(w,y) f(w)f(y) + P(w, w) P(w, w) f(w) f(w)
= 55903 =11.86

(c). Note that {z, z} is an irreducible closed set. Thus,

1010
Piil= 11010 |’

k ok ok ok

where *’s are yet to be determined. By the one-step formulae,

Pyw = P(y,w) + Py, ) prw + Py, Y) pyw + Py, 2) p2w
Pww = P(w7w) + P(w7$)pxw + P(’“%Z/)wa + P(w7 Z)pzw-
Solve it, we have py,, = 0 and thus py.,, = P(w,w) = 0.5, i.e.

101 0

[ xxx 0
Pl = 1101 0
* % x 0.5

Similarly, we consider

pyz—P% +ZPZJ, S)Psx

s#x

pyy = P(W,y) + > _ Py, 5)psy
s#Y

Pyz = P(y7 Z) + ZP(yv S)pSZa
s#z

and get py, = 1, pyy = 0.4 and p,, = 1. Finally, by considering similar one-step formulae with
respect to w, we get puz = 1, puy = 0.6, py> = 1 and py = 0.5, ie.

1010
~[10410
Pl =110 10
10.610.5



3 (a). By direct observation, one know that we can never visit to 3 if we start at state 1.
Hence, P\(T5 =k)=0forall k =1,2,....

If we start at state 2, to have first visit to 3, we must never visit to state 1 (it is like a black
hole that nothing can escape) and never go to state 3 before time k, i.e. we must stay at state
2fort=1,2,....k—1.

1
Hence, PQ(Tg = k‘) == P2(X1 == 2,X2 == 2, . -an—l == 2,Xk == 3)

T 3x 6kl

1
If we start at state 3, then P3(T3 = 1) = P(3,3) = 5 For time ¢ = k > 1, by similar

reasoning as we start at state 2, we must first go to state 2 and then stay at state 2 until time
k. Finally, we visit back to state 3.

Hence, P3(T3 = k) = P3(X1 = 2,X2 = 2, ce e ,Xk,1 = Q,Xk = 3) =
for k > 1.

1
5 x 6R27

ol w

11
6273

(b). Obviously, P, (T3 = o) = 1.

Py(Ts=00) =1— Y Po(Ts =k)
k=1

—1-3
- k—1
k:13><6
1 1
=1—-x T

3 1-5
_3
=
oo
P3(T3=OO)=1—ZP3(T3:k)
k=1
B IR |
- 15 5 x 6F—2
k=
B 1 1 1
- T 1
15 5 1_6
52
75
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The irreducible closed sets of recurrent states are C; = {1,3},Co = {2,7,9} and

{6}. The set of transient state is S = {4, 5,8, 10}.

(b).
(c)-
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5 (a). The mean pt = 0.1 x1+40.4x3 = 1.3 > 1. Hence, the extinction probability p € [0,1).
Now to find p, we need to solve ®(t) = > 7% pith = ¢, i.e.

t=0.5+ 0.1t + 0.4¢3
43 —9t+5=0
(t—1)(4t* +4t —5) =0

Solve it, we have t = 1, ‘/62_1 or #. Since p € [0,1), we must have p = ‘/62_1.
(b).
PI(XQ = 0,X1 > 0)
Pi(Xe=0|X1 >0) =

1(Xz = 01X1 > 0) Pi(X; > 0)
B Pl(Xl =1,X, = 0) + Pl(Xl =3,Xo = 0)
N 1—P(X1=0)
~0.1x0.540.4x0.5°
B 1-0.5

=0.2

(c). Note that P,(X2 =0) = P1(X; =0)+ P (X7 >0,Xo =0) =0.54+0.5x 0.2 =0.6.
Therefore,

Pl(Xg = 0) = Pl(Xl = 0) + Pl(Xl = 1)P(X3 = O‘Xl = 1) +P1(X1 = 3)P(X3 = 0’X1 = 3)
=0.5+0.1 x 0.6+ 0.4 x 0.6
= 0.6464

Pl(Xg = O,XQ > O)
Pl(XQ > 0)

P (X3=0) - P(X2=0)
1— P (X, =0)

_0.6464 — 0.6

- 1-06

=0.116

Pl(X3 = 0|X2 > 0) =




6 (a). For i =0,

P(Ypi1 = k| X, =0) = {

For1<i<3

P(Yoi1 =kl X, =1) =

For i >4

P(Ypi1 = k| X, =i) =

(b). It is obvious that

P(Xn-l—l = xn+1|Xn = Tn,--

is independent of previous states Xg, X1, ...

(c)-

(d). State 0 is recurrent since poo > P(0,0) = 1. Other states are transient since for z = 1,2
or 3, one can go from x — (x —1) — --- — 0 with probability > 0, i.e. a positive probability
that goes to the absorbing state 0 without hitting itself. Similarly, for z > 4, there is a path
r—=x—-2)=(r—4) == (44 (x mod 2)) - (2+ (x mod 2)) = (1 + (x mod 2)) — (x

1

0

LX1=x1)

P(Yn+1
P(Yn+1 = Tp+1 — xn’Xn = an)

1,
0,

0.45
0.55,
0,

0.25
0.30,
0.45,

ifk=0

otherwise
ifk=1
ifk=-1
otherwise
ifk=2
ifk=1
ifk =-2
otherwise

=Tpt1 — Tp| Xy = T, . -

= P(Xn+1 = xn+1|Xn = xn)

o 0 0 o0 0 0 0 O

055 0 045 0 0 O O O O
055 0 045 0 0 0 O O

0 055 0 0450 0 0 O

0 045 0 0 03025 0 O

0 0 045 0 0 03025 0

o O O O

0 0 00450 0 03025---

mod 2) -+ — 0 with probability > 0.

10

, Xn—1. Hence, {X,, }n>0 is a Markov chain.




7. First note that C; = {1,5} and C2{4,6, 7} are irreducible closed set and Sp = {2,3} is
the set of transient state. By reordering the index, we have

1 5 4 6 7 2 3

r0.7 03 0 0 0 0 07
06 04 O 0 0 0 0
B 0 0 05 05 0 0 0
P=10 0 0 02 08 0 0
0 0 1 0 0 0 0

01 0 04 O 0 02 03

First, We solve limy,_,, P¥. Now, we need to solve ; Pz, = 71 under the condition Y owee, M(T) =
1 and m(z) > 0 for all z € Cy, i.e.

m1(1) =0.7m1(1) + 0.6m1(5)
m1(5) = 0.3m1(1) + 0.4 (5)
m(1)+m () =1

m1(x) >0 Vzel,

and get m = (2/3,1/3).
Similarly, we have m2F¢, = m under the condition }_ . m2(z) = 2 and ma(z) > 0 for all
x € Co, i.e.

mo(4) = 0.5m2(4) + m2(7)
m2(6) = 0.5m2(4) + 0.272(6)
mo(7) — 0.875(6)
mo(4) + m(6) + m2(7) =1
(m2(2) >0 Vz €l
and get my = (8/17,5/17,4/17).

We further solve
{Pcl(Q) =0.1+0.2p¢,(2) + 0.3pc, (3)

pei(3) =02+ 0.5p¢,(3)

and

PCs (2) =04+ 0-2/3@2 (2) + 0'3p02 (3)
(3) =0.3+0.5p0,(3)
0

11



By what we have learnt in lecture, we have

C1 Co 2 3
- [y - 1 5 4 6 7 2 3
. 0 o ol r2/3 13 0 0 0 0 0
2/3  1/3 0 0 0 00
) m 0 0 8/17  5/17  4/17 0 0
lim P" = 2 =1 o0 0 8/17  5/17  4/17 0 0|
e 0 : 0 0 0 0 817 5/17  4/17 0 0
2 11/60 11/120 29/85 29/136 29/170 0 0
pe,(2)m pe,(2)m 0 0| L4/15  2/15  24/85 3/17  12/85 0 O
-0Cy (3)m PCs (3)m2 0 0
Hence,
1 2 3 4 5 6 7
-2/3 0 0 0 1/3 0 0 -
11/60 0 0 29/85 11/120 29/136 29/170
4/15 0 0 24/85 2/15  3/17  12/85
lim P"=1 0 0 0 8/17 0 5/17  4/17
2/3 0 0 0 1/3 0 0
0 0 0 8/17 0 5/17  4/17
L0 0 0 8/17 0 5/17  4/17 J

8. Let yr = (ikks ik(k41)s - - - k(i —1)) for all & > 0. To have P(Yn41 = yns1|Yo = 90, Y1 =
Y1, ... Yy = y,) meaningful, we must have iy, = g, for all m and k, k' =0,1,...,n+ K — 1.
We denote that common iy, by i, and write yn+1 = (Jnt+1, Jn+2s - - - » Jnt+k)- In our setting, we
have jy =14 forl=n+1,n+2,...,(n+ K — 1). Thus, we have

P(Yor1 =ynr1lYo=y0, Y1 =y1,..., Y0 = ¥n)
= P(Yni1 = Yns1|Xo =0, -, Xnp K -1 = InpK—1)
= P((Xnt1, Xng2, - - - Xt k) = Ung1, Int2s - - Jnr k)| Xo =10, -+ o, Xy K1 = k1)
= P(Xpyk = jnrkx|Xo =0, Xnt k-1 = inyx—1)
= P(Xn+k = Jnt+k|Xn = tn, Xn+1 = tnt1- - Xnt k-1 = IntK—1)
= P(( n+1, n+2> .- Xn+K) = (jn+17jn+27 R vjn-i-K)’X = Z.nv‘X;H—l =n41--- Xn+K—1 = Z.n—&-K—l)
= P(Yot1 = Yn+1|Yn = Yn)-

Hence, {Y},}n>0 is an ordinary Markov chain.

12



9. Given any state j, let S, (j) := {k € S|P™(k,j) > 0 for some my € {1,2,...m}}. We
claim that Sy(j) = S. One can easily verify the following properties (i) Sy, (7) € Sm+1(J), (i)
if Sy (4) = Sm+1(J), then Sy, (4) = Sm4i(7) for all I > 0 (Exercise!).

By the fact that X, is irreducible, for any k; € S, there is some Ni, € N such that
PNei(ky, 5) > 0. Let Ng = max{Ny, No,..., N}, we have Sy, (j) = S.

Next, we claim that there is some ko € S such that P(ko,j) > 0. Otherwise P(ko,j) = 0 for
all kg € S and thus P™(ko,j) = 0 for all ky € S and m € N, contradicting to the irreducibility
of X,,. Hence, |S1(j)| > 1. By our property (i), we have |S,,(j)| > 1 for all m € N.

We claim that [Sn(7)] = N. If not, then there is some mgy € {1,2,... N} such that 1 <
|Sn(j)| < mo — 1. By pigeonhole principle (i.e. counting), there must be some mj,my such
that |Sm, (J)| = |Sm, ()], say m1 < ma. Then, by property (i), we have Sy, (7) € Spm,+1(j) C
w0 C Sy (.7) and hence Sy, (]) = Smﬁ-l(j) == Sm, (.7) By property (ii), we have ’SN(])‘ <
mo — 1 < N for all m € N, contradicting the fact that [Sn(j)| = |S| = N. Hence, we conclude
that Sy(j) = S.

Hence, for any i € S, there exists some m;; € {1,2,..., N} such that P™i(i,j) > 0. Let
6= mini’jzl’gwn{Pmij (’L,])}/Q > 0. Then, RL(T] < N) > 6 and § € (0, 1)

Let p=(1—-6)"N €(0,1),C = p~N. Then,

P(Xym #j,m=0,...,n|Xo=1) <1< Cp"

forn=20,1,...,N.
Next, suppose that
P(Xm#j,m:O,,mXO:z)ng”
for n = 1,2,..., K. for some positive integer K. Then, if P(Xx = j|Xo = i) = 1, then
P(Xy#j,m=0,...,K+ N|Xg=1) =0 < Cp". Otherwise,

P(X,, #jm=0,...,K+ N|Xg=1)
P(Xp#jm=K+1,....,K+N|Xg #j)P(Xpm #jm=0,...,K|Xq=1)
P(X, #jm=K+1,.... K+ N|Xg #j) x Cp¥

(1—26) x Cp¥

= CpNtE,

IN A

where the last inequality comes from the fact that wherever Xy is, it reaches state j within N
steps with probability at least §.
The conclusion now follows from induction.

13



(b).

o0

<C> (k+1)p°
k=0

- 1—p)2<oo

—~

Thus,
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